We revisit the number-theory dark matter scenario where one of the light chiral fermions required by the anomaly cancellation conditions of U(1) B -L explains dark matter. Focusing on some of the integer B -L charge assignments, we explore a new region of the parameter space where there appear two light fermions and the heavier one becomes a dark matter of mass O(10) keV or O(10) MeV. The dark matter radiatively decays into neutrino and photon, which can explain the tantalizing hint of the 3.55 keV X-ray line excess. Interestingly, the other light fermion can erase the AdS vacuum around the neutrino mass scale in a compactification of the standard model to 3D. This will make the standard model consistent with the AdS-WGC statement that stable non-supersymmetric AdS vacua should be absent.
Introduction
The seesaw mechanism is the most attractive mechanism to explain small masses of the active neutrinos [1] [2] [3] . It is based on a new gauge symmetry called U(1) B -L , which requires an extension of the standard model (SM) to make U(1) B -L anomaly-free. The U(1) B -L symmetry becomes anomaly-free if one introduces a right-handed neutrino (RHN) in each generation. The spontaneous breaking of the U(1) B -L generates large Majorana masses for the RHNs, and integrating them out induces small Majorana masses for the active neutrinos through the seesaw mechanism. Not only does it explain the smallness of neutrino masses, but it can also explain the present baryon asymmetry via leptogenesis in which lepton asymmetry is generated by the decay of the RHNs in the early Universe [4] .
In a conventional framework of the SM plus three RHNs, the RHNs acquire a heavy mass of order the U(1) B -L breaking scale, and there is no dark matter (DM) candidate. In the so-called split seesaw mechanism [5] , on the other hand, one of the RHNs becomes much lighter than the others. If the lightest one has a mass less than O(10) keV and if its Yukawa couplings are sufficiently suppressed to satisfy the X-ray bound, it becomes a plausible candidate for DM. Note that, while the lightest RHN is almost decoupled from the others in this case, the seesaw mechanism, as well as leptogenesis, still work thanks to the remaining two heavy RHNs [6, 7] . The split seesaw mechanism provides a possible answer to the question of why there are three generations in the SM: one of the three RHNs becomes DM, while the other two explain the baryon asymmetry of the Universe via leptogenesis.
Alternatively, one could introduce a set of chiral fermions charged under U(1) B -L in addition to the three RHNs. The number of such chiral fermions and their B-L charges are subject to the anomaly cancellation conditions, and it turned out that their number must be greater than or equal to five, partly because of the absence of positive integers satisfying x 3 + y 3 = z 3 , a special case of the Fermat's last theorem [8] . Interestingly, the lightest extra chiral fermion with even B-L charge is stable and therefore a candidate for DM. Since there is an intimate connection between the number theory and the existence of DM through the anomaly cancellation condition, we named the above model as the number-theory dark matter (NTDM) [9] .
#1
In this Letter, we revisit the NTDM model and explore a new region of the parameter space where there appear two light chiral fermions in the low energy. Specifically, we will focus on two possible sets of extra fermions with integer B -L charges; one is equivalent to the case with four RHNs and four extra chiral fermions, while the other is to the case with two RHNs and four extra chiral fermions. The latter case can be thought of as a realization of the split seesaw mechanism, where one RHN is traded with four chiral fermions that give the equivalent contributions to the anomalies. In both cases, we will show that there is a quasi-stable fermion in addition to an ultralight stable fermion.
The quasi-stable fermion can be sufficiently long-lived and explain DM if its mass is sufficiently light. While it mainly decays into three neutrinos, it also radiatively decays into #1 See also Refs. [10] [11] [12] [13] [14] [15] for related works on the possible extensions of the SM with U(1) B -L charged chiral fermions. neutrino and photon. Such decaying DM can be searched for in astrophysical/cosmological X-ray observations. For a certain choice of the parameters, it can explain the 3.55 keV X-ray line excess [16] [17] [18] .
Intriguingly, our set-up contains not only a DM candidate but also one ultralight chiral fermion, whose existence may help the SM to be consistent with quantum gravity. Recently, it was argued based on the sharpened version of the weak gravity conjecture (WGC) [19, 20] that non-supersymmetric (SUSY) anti-de-Sitter (AdS) potential minimum should not exist in order for the low-energy effectively theory to be successfully UV completed into a theory of quantum gravity. As shown in Ref. [19] , the SM compactified on a circle has such an AdS minimum around the neutrino mass scale in the one-loop effective potential for the radion field, if the light neutrino mass is of Majorana type as predicted in the seesaw mechanism. The presence of the AdS minimum around the neutrino mass scale in the compactified SM crucially depends on the number of extra particles as light as active neutrinos. As we shall see, the ultralight fermion in our NTDM model can erase the unwanted AdS minimum.
The rest of this Letter is organized as follows. In Sec. 2, after briefly reviewing the NTDM model, we study the properties of the light fermions for two possible sets of extra fermions with integer B -L charges. In Sec. 3 we discuss cosmological aspects of our scenario such as the production mechanism of DM and leptogenesis. In Sec. 4 we will show that the ultralight fermion helps to erase the AdS minimum at the neutrino mass scale. The last section is devoted to conclusions.
Number-Theory Dark Matter
The central ingredient of the NTDM model is the two anomaly cancellation conditions of
3 anomaly and the other is the gravitational
anomaly. Both anomalies are absent in the SM plus three RHNs, but there is no DM candidate if all the RHNs are heavy. This suggests that some extension is needed. Let us introduce n left-handed Weyl fermions ψ i with the B -L charge q i . Then the two anomaly cancellation conditions read
Here we restrict ourselves to integer (or rational) number solutions to the above equations [21] . We also exclude a vector-like charge assignment since a vector-like pair such as ψ(+1) and ψ(−1) would acquire a large mass close to the cut-off scale of the theory and therefore become irrelevant for the low-energy physics.
In Table 1 we show the first several integer solutions with n = 5 [9, 22] . In fact, there are no solutions with n = 2, 3, and 4. The cases of n = 2 and 4 lead to only vector-like charge assignments. In the case of n = 3, there are no positive integers satisfying x 3 + y 3 = z 3 , which is nothing but a special case of the Fermat's last theorem. 
There are several remarks on these solutions. First, as emphasized in [9] , a charge assignment obtained by multiplying the integer solutions in Table 1 with an overall rational number also satisfies the anomaly cancellation conditions. By doing so, we can obtain fractional charge solutions.
#2 Secondly, by using this freedom of the overall normalization of the B -L charge, we can always make one of the Weyl fermions to have a B -L charge of −1. The fermion ψ(−1) forms a vector-like mass with a linear combination of the RHNs, and therefore they can be integrated out. In such a case the other four fermions satisfy
In other words, it is possible to trade one of the RHNs with the four chiral fermions satisfying the above conditions, and then we are left with two RHNs plus additional four Weyl fermions. The B -L Higgs Φ develops a nonzero vacuum expectation value (VEV), v Φ = Φ , which is taken to be real and positive in the unitary gauge. Note that there is a residual Z B -L 2 symmetry, which restricts the mixings among the fermions depending on their B -L charges. Hereafter we consider two possibilities based on the first solution of Table 1 . The B -L charge assignments of the relevant fields are summarized in Table 2 , where L a and N I represent the lepton doublets and the RHNs, respectively.
#2
The fractional charge solutions generically contain massless fermions, which can erase the local AdS minimum around the neutrino mass scale, similarly to the discussion in Sec. 4.
Model A
Let us consider the model A which contains three RHNs as well as five Weyl fermions ψ 1 , . . . , ψ 5 [9] . See Table 2 for the charge assignment.
The active neutrino masses are generated through the seesaw mechanism. Noting that ψ 3 has the same B -L charge as the RHNs, we define N c 4 ≡ ψ 3 for the notational convenience. Then we have
where H is the SM Higgs doublet. The RHNs obtain masses of order v Φ after Φ develops a VEV, and integrating them out leads to the small neutrino masses. Although the active neutrinos are also mixed with other fermions, their contributions to the neutrino mass matrix are highly suppressed as discussed below. The other fermions become massive after the B -L breaking. Let us first consider ψ 5 , which is the only fermion that has an even B -L charge. Due to the residual Z B -L 2 symmetry, it does not mix with the other fermions, and so, its mass arises only from the high dimensional operator,
where M denotes the cutoff scale. The mass of ψ 5 is given by
where M P 2.4 × 10 18 GeV is the reduced Planck mass. Note that ψ 5 is stable due to the Z B -L 2 symmetry regardless of the mass. Next, let us consider other fermions ψ i (i = 1, . . . , 4) and RHNs, which have mixings with one another. As mentioned above, the RHNs obtain heavy masses of order v Φ . The other fermions, ψ 1 , ψ 2 and ψ 4 , are split into heavy and light modes. We can write down the mass term as
where y 1 and y 2 are numerical coefficients of order unity, and we take them real and positive without loss of generality. Thus one combination of ψ 1 and ψ 2 denoted by ψ h forms a heavy Dirac mass with ψ 4 , while the other combination ψ remains light. They are given by
The ψ h and ψ 4 have a heavy Dirac mass of ∼ v Φ . To estimate the mass of ψ , let us explicitly write down the mass matrix of ψ 1 , ψ 2 , ψ 4 and N I (I = 1, . . . , 4):
where we have defined ≡ (v Φ /M ) and omitted numerical coefficients of order unity. It is found that there is one light mode ψ whose mass eigenvalue is
To summarize, there are two light chiral fermions, ψ 5 and ψ , in our model. The other fermions are as heavy as the B -L breaking scale ∼ v Φ . Thus we will consider phenomenological aspects of these light fermions in the following. In Ref. [9] the lightest stable fermion ψ 5 was identified with DM. Here we explore a new region of the parameter space where ψ plays a role of DM. Even though the stability of ψ is not guaranteed by symmetry in contrast to ψ 5 , it can be sufficiently long-lived as we shall see below.
The ψ has a mixing with active neutrinos through the operator
The typical value of the mixing angle between ψ and active neutrino is given by
where κ represents the largest value among κ a . The decay modes depend on the mass of ψ . If it is lighter than ∼ 1 MeV, it dominantly decays into active neutrinos as ψ → ννν with a decay width of [23, 24] 
where G F denotes the Fermi constant. For 1 MeV m ψ 210 MeV, it also decays into νe + e − and the total decay width becomes [25] Γ
where g R = sin 2 θ W and g L = 1/2 ± sin 2 θ W , with θ W being the weak mixing angle. The plus (minus) sign corresponds to the case where ψ is dominantly mixed with the electron-type (mu-or tau-type) active neutrino. For even heavier ψ , new decay modes into heavier leptons and hadrons will open, but here we do not consider this case further since the lifetime tends to become much shorter than the present age of the Universe and it is not suitable for DM. On the other hand, due to the Tremaine-Gunn bound [26] , any fermionic DM particle cannot be much lighter than ∼ 1 keV. Thus the interesting mass range is 1 keV m ψ 1 MeV. For such a mass range of ψ , it can also decay into active neutrino plus photon through a one-loop diagram. The partial decay rate of this radiative process is given by [23] 
with α e being the electromagnetic fine-structure constant. For a keV-scale DM, this may make a significant contribution to the measured X-ray fluxes. For DM mass of 1-10 keV, the observational constraint is roughly θ 2 10 −8 -10 −11 [24] . There is a tantalizing hint for the X-ray line excess at 3.55 keV, which may be interpreted as the decay of DM of mass about 7.1 keV such as sterile neutrino [27] or axion [28, 29] . Specifically, the excess can be explained by sterile neutrino DM of mass 7.1 keV and the mixing θ (2 − 7) × 10 −6 . Fig. 1 shows the mass of ψ and ψ 5 as a function of v Φ , and sin 2 (2θ) as a function of m ψ for κ = 10 −3 (upper) and 10 −4 (lower). In the left panel, the horizontal gray band shows m ψ = 1 − 100 keV, where ψ is a good candidate for DM. In the right panel, the gray shaded region is excluded by X-ray observations [24] , and the region above the dot-dashed line is excluded by the overproduction of ψ through the Dodelson-Widrow mechanism [30] . It is seen that the constraint from X-ray observation is satisfied for 
Model B
In the model B, we flip the sign of the extra Weyl fermions. Then, one of them forms a heavy Dirac mass with a linear combination of the three RHNs which we take to be N 3 for simplicity. As a result, the third RHN N 3 and one of the additional Weyl fermions ψ 3 are absent, compared to the model A. Therefore, the particle content is more minimal than the model A.
The active neutrino masses and mixings are dominantly generated by the seesaw mechanism with the two heavy RHNs N 1 and N 2 :
This is the same as Eq. (3) in the model A, but now we have only two RHNs (I = 1, 2). In the usual scenario with the two RHNs, the lightest active neutrino is massless [6] . In the present model, however, it acquires a tiny mass through the mixings with the other fermions ψ 1 , ψ 2 and ψ 4 . As we shall see below, the mixings are highly suppressed by powers of (v Φ /M ) because of the non-trivial U(1) B -L charge assignments, and so, the lightest neutrino mass is safely neglected for phenomenological purposes. The mass of the fermion, ψ 5 , is the same as given in Eq. (5), and its stability is guaranteed by the Z
B -L 2
and Lorentz symmetries. On the other hand, ψ 1 , ψ 2 , ψ 4 and N I (I = 1, 2) get mixed with one another. Similarly to the model A, one linear combination of ψ 1 and ψ 2 , ψ h , forms a heavy Dirac mass with ψ 4 , while the other combination, ψ , remains light. As a result, the two RHNs, ψ h , and ψ 4 acquire a mass of order v Φ . To estimate the mass of ψ , let us write down the mass matrix of ψ 1 , ψ 2 , ψ 4 and N I as 
where we have omitted numerical coefficients of order unity. It is found that there is one light mode ψ whose mass eigenvalue is
Therefore, again we are left with two light chiral fermions, ψ 5 and ψ , in the model B. The other fermions are as heavy as the B -L breaking scale ∼ v Φ . In this respect, our model . The gray shaded region is excluded by X-and gamma-ray observations [33] . We have taken κ = 1.
can be regarded as a natural realization of the split seesaw mechanism [5] if we identify ψ with the light sterile neutrino. Note that we need a relatively low B -L breaking scale, v Φ ∼ 10 11 GeV, in order for ψ to be a DM candidate. As a result, the neutrino Yukawa couplings in (15) should also be mildly suppressed as y aI ν = O(10 −2 ) for the successful seesaw mechanism, which may be explained by some broken U(1) symmetry.
The light fermion ψ mixes with the active neutrinos through the operator
and it decays into the SM particles in a way that depends on the mass of ψ . As explained in the previous subsection, if ψ is lighter than ∼ 1 MeV, it dominantly decays into active neutrinos as ψ → ννν with a decay width of
Here the mixing angle between ψ and active neutrino is given by
which is independent of v Φ . The left panel of Fig. 2 shows the mass of ψ as a function of v Φ for M = 0.1M P (upper) and M P (lower). The right panel of Fig. 2 shows of sin 2 (2θ) as a function of m ψ for M = 0.1M P (upper) and M P (lower) with κ = 1. Note that ψ also decays into ν plus γ with the decay width given in Eq. (14) , and also into νeē if kinematically allowed. In particular, for m ψ = O(100) MeV, the predicted photon flux is close to the observational upper bound from the diffuse X-and gamma-ray flux by COMPTEL and EGRET [33] . On the other hand, ψ 5 is extremely light, and it plays no cosmological role. As we shall see in Sec. 4, however, the existence of such an ultralight fermion can ensure the absence of AdS minimum in the compactified SM.
Dark Matter Production
So far we have seen that ψ can have a suitable mass and lifetime so that it can be a candidate for DM. Now let us estimate the abundance of ψ . The ψ has suppressed mixings with the active neutrinos, and so, it can be thought of as a sterile neutrino. The production of sterile neutrino DM has been extensively studied in the literature (see e.g. Refs. [24, 34] for recent reviews and references therein). The sterile neutrino is necessarily produced through the so-called Dodelson-Widrow (or non-resonant production) mechanism [30] . It is known, however, that one cannot produce the right amount of DM through the mechanism while satisfying the X-ray constraints, because both the production and decay rates are controlled by the mixing angle.
The relevant production process in our set-up is the pair production of ψ particles through the s-channel B -L gauge boson exchange from the scattering of SM particles in thermal bath [9, 35] . The resultant abundance, in terms of the number density (n ψ ) to the entropy density (s) ratio, may be estimated as
where g * denotes the effective relativistic species at the reheating, T R denotes the reheating temperature after inflation and
denotes the effective charge of ψ . In terms of the density parameter, the ψ abundance is given by
The observed DM abundance can be explained for T R ∼ 10 12 GeV in the model A, and for T R ∼ 10
8 GeV in the model B, respectively. In this case, the thermal leptogenesis works in model A, but one needs to assume non-thermal and/or resonant leptogenesis in model B.
Note that ψ 5 is also produced in a similar way, and its abundance can be estimated by replacing q ψ with q 5 . As is clear from (21), ψ 5 is not likely to be thermalized. Thus its contribution to the effective number of neutrino species is much smaller than unity, so that it only has negligible effects on cosmological observations.
Erasing the AdS vacuum at the neutrino mass scale
Our NTDM scenario may also have an interesting implication for the conjecture proposed in Ref. [20] , which states that the existence any non-SUSY AdS vacuum is not consistent with quantum gravity. If this is true, the SM with three species of light Majorana neutrino is ruled out, since there appears a stable AdS vacuum in the SM compactified on a circle [36, 37] .
Let us suppose that one of the spatial directions (say, z direction) is compactified on a circle with radius R. The radius of the compactified dimension, which we call radion, is a dynamical field and it obtains a potential at the one-loop level as a Casimir energy arising from the SM field as well as the tree-level effect from the 4D cosmological constant. The Casimir energy density for the massive field with species i is given by
where the minus (plus) sign corresponds to the boson (fermion), g i denotes the degree of freedom (1 for a real scalar, 2 for a Weyl fermion, and so on), m i denotes its mass, #3 and
It is analytically calculated in several ways as [38, 39] 
where K 2 (x) is the modified Bessel function of the second kind with order 2. For a massless field (m i = 0), it becomes
It is checked that for a massive field, the contribution to the Casimir energy is exponentially suppressed as e −2πm i R . Since we are interested in the potential structure around the neutrino mass scale, we will consider only the light fields, i.e., photon, graviton, neutrinos and the ultralight fermion in our NTDM model.
After including the effect of cosmological constant on the Casimir energy, the effective 3D radion potential is given by
where Λ 4 is the observed 4D cosmological constant. Here we have used the Weyl-rescaled metric to make the 3D metric dimensionless in the Einstein frame as g
ij .
#3 For simplicity, we imposed periodic boundary conditions for all fields in the z direction. ν , active neutrinos have more degrees of freedom than the photon plus graviton, and hence the potential again becomes positive. Therefore, there appears an AdS minimum around the neutrino mass scale if there were no additional light fermions. The presence of additional light fermions can drastically change the situation. Fig. 3 shows the radion potential for the compactified SM with three Majorana neutrinos where the lightest one is taken to be massless.
#4 It is seen that there is an AdS minimum around the radius corresponding to the neutrino mass scale. In Fig. 4 , we show the radion potential when we add a chiral fermion with mass of 0.1 eV, 0.03 eV and 0.01 eV from bottom to top. The AdS minimum disappears if the mass of the additional chiral fermion is smaller than ∼ 0.01 eV, which is consistent with the analysis in Ref. [37] . Since our NTDM model predicts the existence of chiral fermion which is much lighter than 0.01 eV for v Φ O(10 14 ) GeV (see Eq. (5)), it ensures that there appears no 3D AdS minimum around the neutrino mass scale when the SM is compactified on a circle. This may be an appealing feature of our NTDM model in light of the sharpened WGC proposed in Ref. [20] . #4 The results are unchanged if the mass of the lightest active neutrino is lighter than ∼ 0.01 eV.
Several remarks are in order. In Ref. [40] it was pointed out that the radion potential in the SM exhibits a runaway behavior toward the small radius if the minimization with respect to the Wilson line is taken into account. Still, there is a local minimum around the neutrino mass scale, and it is an open question whether there is a quantum tunneling from the local AdS minimum to the runaway vacuum. In this respect, Ref. [41] proposed that the WGC prohibit even the local AdS minima. Thus the erasure of the local AdS minimum around the neutrino mass scale, as in our NTDM model, may be important. In Ref. [42] more complicated geometry of the compactified dimension was considered, and it was found that there may be an AdS minimum around the QCD scale. Our NTDM scenario does not affect the vacuum structure around the QCD scale. However, it remains to be seen to what extent the WGC of Ref. [20] can be applied to various choices of the compactified geometry.
Conclusions
In this Letter, we have revisited the NTDM scenario where one of the extra fermions that are introduced to satisfy the anomaly cancellation conditions of U(1) B -L explains the observed DM. In the case of an integer B -L charge assignment, there appear two light fermions in the low energy. The lighter one is essentially decoupled from the others except for the U(1) B -L gauge interactions, and it is stable due to the residual Z B -L 2 symmetry. On the other hand, the heavier one has nonzero mixings with the other fermions and decays into ννν and other modes depending on its mass. We have explored a new parameter region where the heavier one becomes sufficiently long-lived to be DM for m ψ O(10) keV or O(10) MeV depending on the B -L charge assignment. For a certain choice of the parameters, it can even explain the tantalizing hint for the X-ray line excess at 3.55 keV. While the lighter one has no cosmological impact in this case, it can erase the AdS vacuum around the neutrino mass scale that appears in a compactification of the SM on a circle. Thus, the SM can be consistent with the weak gravity conjecture that suggests the absence of AdS vacua, in our NTDM model.
